1. Introduction {#SEC1}
===============

A great opportunity offered by modern genomics is that phylogenetics applied on a genomic scale, or phylogenomics, should be especially powerful for elucidating gene and genome evolution, relationships among species and populations, and processes of speciation and molecular evolution. However, a well-recognized hurdle is the sheer volume of genomic data that can now be generated relatively cheaply and quickly, but for which analytical tools are lacking. There is a major need to explore new approaches that will enable us to undertake comparative genomic and phylogenomic studies much more rapidly and robustly than existing tools allow.

Datasets consisting of collections of phylogenetic trees are challenging to analyse, due to their high dimensionality and the complexity of the space containing the data. Multivariate statistical procedures such as outlier detection ([@B29]), clustering ([@B7]) and multi-dimensional scaling ([@B9]) have previously been applied to such datasets, but principal component analysis is perhaps the most useful multivariate statistical tool for exploring high-dimensional datasets. For example, [@B31] and [@B5] showed that principal component analysis automatically projects to the subspace where the global solution of $\documentclass[12pt]{minimal}
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However, the space of phylogenetic trees on a fixed set of leaves is not a Euclidean vector space, so we cannot directly apply classical principal component analysis to a dataset of phylogenetic trees. Instead, [@B3] showed that the set $\documentclass[12pt]{minimal}
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2. The geometry of tree space {#SEC2}
=============================

2.1. Construction of tree space and its geodesics {#SEC2.1}
-------------------------------------------------
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The following definition characterizes certain geodesics which behave rather like Euclidean straight lines.
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2.2. Algorithms for computing the Frechét mean {#SEC2.2}
----------------------------------------------

Several algorithms for computing the unweighted or weighted Fréchet mean of a sample in $\documentclass[12pt]{minimal}
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Our method does not make direct use of these algorithms. However, as described in § [4.1](#SEC4.1){ref-type="sec"}, our proposed algorithm for projecting data onto the locus of the Fréchet mean is adapted from the algorithm of [@B27], which computes the Fréchet mean of $\documentclass[12pt]{minimal}
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Sturm's algorithm for the weighted Fréchet mean.
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Repeat:
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The deterministic algorithm of [@B2] for computing the weighted Fréchet mean is similar to Sturm's algorithm, except that the data points are used cyclically, as opposed to being randomly sampled, and the weighting is instead taken into account in the definition of the proportions $\documentclass[12pt]{minimal}
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2.3. Convex hulls {#SEC2.3}
-----------------
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3. The locus of the Fréchet mean {#SEC3}
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3.1. Basic properties {#SEC3.1}
---------------------
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Fréchet means in tree space exhibit a property called stickiness ([@B10]). This essentially means that for fixed $\documentclass[12pt]{minimal}
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3.2. Implicit equations for the locus of the Fréchet mean {#SEC3.2}
---------------------------------------------------------
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3.3. The dimension of the locus of the Fréchet mean {#SEC3.3}
---------------------------------------------------
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A proof of this lemma can be found in the [Supplementary Material](#sup1){ref-type="supplementary-material"}.
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3.4. Explicit calculation {#SEC3.4}
-------------------------

In this subsection we construct an explicit example of the locus of the Fréchet mean for three points in $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\mathcal{T}_{5}$\end{document}$. This example helps to demonstrate the nature of geodesics in tree space, the derivation of the implicit equations for $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Pi(V)$\end{document}$, the relationship with the convex hull, and other geometrical features. We start by fixing $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$v_0,v_1$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$v_2$\end{document}$ to have the topologies and edge lengths shown in [Fig. 1(a)](#F1){ref-type="fig"}. We will ignore the pendant edge lengths, and so the orthants containing these trees can be identified with three orthants in $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}${\mathbb{R}}^3$\end{document}$ equipped with standard coordinates $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\xi_1,\xi_2,\xi_3$\end{document}$. There are five splits contained in these trees, excluding the pendant splits; they will be written as $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\{0,1\}$\end{document}$, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\{2,3\}$\end{document}$, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\{4,5\}$\end{document}$, $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\{3,4,5\}$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\{2,3,4\}$\end{document}$ by neglecting the complements in $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$X=\{0,1,\ldots,N\}$\end{document}$. We then let $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$x(\{0,1\})$\end{document}$ denote the length associated with split $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\{0,1\}$\end{document}$ in tree $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$x$\end{document}$, for example. Under the identification with $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}${\mathbb{R}}^3$\end{document}$ we have $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}
\begin{align*}
\xi_1&=x(\{2,3\})\quad (\{2,3\}\in x),\qquad \xi_1=-x(\{3,4,5\})\quad(\{3,4,5\}\in x),\\
\xi_2&=x(\{4,5\})\quad(\{4,5\}\in x),\qquad
\xi_2=-x(\{2,3,4\})\quad(\{2,3,4\}\in x)
\end{align*}
\end{document}$$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\xi_3 = x(\{0,1\})$\end{document}$. [Figure 1(b)](#F1){ref-type="fig"} shows the location of trees $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$v_0,v_1,v_2$\end{document}$ under this identification. The orthant $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\xi_1<0, \xi_2<0, \xi_3>0$\end{document}$ does not correspond to a valid tree topology as $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\{3,4,5\}$\end{document}$ is not compatible with $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\{2,3,4\}$\end{document}$. At each codimension-$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$1$\end{document}$ face between the orthants shown there is in fact a third orthant in $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\mathcal{T}_{5}$\end{document}$ glued at the same boundary, but these orthants do not play a role in this example.

![(a) Topologies for the trees $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$v_0,v_1,v_2$\end{document}$ of the example in § [3.4](#SEC3.4){ref-type="sec"}; the circled numbers are weights for internal edges. (b) Coordinates of the trees $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$v_0,v_1,v_2$\end{document}$ under the identification with orthants in $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}${\mathbb{R}}^3$\end{document}$; the $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\xi_3$\end{document}$ axis points out of the page. The geodesics between $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$v_0,v_1,v_2$\end{document}$ are shown: $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Gamma(v_1,v_2)$\end{document}$ kinks around the origin; the dashed line is between points $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$(-1,1,4/3)$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$(1,-1,4/3)$\end{document}$ on $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Gamma(v_0,v_1)$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Gamma(v_0,v_2)$\end{document}$, respectively; the lower left quadrant does not correspond to any tree topology, and is not a part of the space.](asx047f1){#F1}
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[Figure 2](#F2){ref-type="fig"} shows the decomposition of the orthants into mutual support regions for $\documentclass[12pt]{minimal}
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We can also explicitly calculate equations for $\documentclass[12pt]{minimal}
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4. Projection onto the locus of the Fréchet mean and principal component analysis {#SEC4}
=================================================================================

4.1. Projection {#SEC4.1}
---------------
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We would like a more efficient algorithm defined entirely in terms of the geodesic geometry, since any reliance on local differentiable structure is likely to be problematic at orthant boundaries. We propose Algorithm 3, which we call the geometric projection algorithm.
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The geometric projection algorithm is presented here without a proof of convergence and without further theoretical study of its properties. Instead we rely on a simulation study in the next subsection to assess its effectiveness.

4.2. Simulations {#SEC4.2}
----------------
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The results obtained from the two algorithms were compared in two ways. First, the distances from the data tree to the projected trees obtained with the two algorithms were computed and checked to ensure that the projection algorithm yielded a distance less than or equal to the exhaustive search. Second, the distance between the tree from geometric projection and the tree from exhaustive search was checked to ensure that the two trees were close together. For the second check we considered any distance greater than 1% of the total internal length of the data tree to be a failure.
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We believe that the failing results are attributable to the projection algorithm becoming trapped in local minima of the perpendicular distance. Starting the algorithm from several locations and comparing the results would help to mitigate this problem. However, for the present purpose of fitting higher principal components to a collection of data trees, we believe these small deviations from the exhaustive search solution are an acceptable trade for the increase in computational speed.

4.3. Stochastic optimization for principal component analysis {#SEC4.3}
-------------------------------------------------------------
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Until convergence.

The optimization algorithm attempts to minimize $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$D^2_Z\{\Pi(V)\}$\end{document}$ by stochastically varying one point $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$v\in V$\end{document}$ at a time using the proposals $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$M_i(v)$\end{document}$. The algorithm is greedy: whenever a configuration $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$V'$\end{document}$ improves upon the current configuration $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$V$\end{document}$ we replace $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$V$\end{document}$ with $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$V'$\end{document}$. Convergence is assessed by considering the relative change in $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$D^2_Z\{\Pi(V)\}$\end{document}$ over a certain fixed number of iterations. If this is less than some proportion then the algorithm terminates. We used three different types of proposal. The first samples a tree uniformly at random with replacement from the dataset $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$Z$\end{document}$. The second type is a refinement of the first: given a tree $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$x$\end{document}$ it similarly samples a tree $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$z$\end{document}$ uniformly at random with replacement from the dataset $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$Z$\end{document}$; then the geodesic $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Gamma(x,z)$\end{document}$ is computed, and a beta distribution is used to sample a tree some proportion of the distance along $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Gamma(x,z)$\end{document}$. The third type of proposal is a random walk starting from $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$x$\end{document}$, as described in [@B21]. The random walk proposals can have different numbers of steps and step sizes. The algorithm is not guaranteed to find a global optimum, and it can become stuck in local minima, so the algorithm must be run with different starting points for each dataset, and then compare the results from each run.

Two statistics can be used to summarize the fit of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Pi(V)$\end{document}$ to a dataset $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$Z$\end{document}$: the sum of squared projected distances $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$D^2_Z\{\Pi(V)\}$\end{document}$ and a non-Euclidean proportion of variance statistic, denoted by $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$r^2$\end{document}$. If the projection of each data point $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$z$\end{document}$ onto $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Pi(V)$\end{document}$ is denoted by $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\pi(z_i)$\end{document}$ and $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\bar{\pi}$\end{document}$ denotes the Fréchet mean of $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\pi(z_1),\ldots,\pi(z_n)$\end{document}$, then $$\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}
\begin{equation*}
r^2 = \frac{ \sum_{i=1}^n d\{z_i, \pi(z_i)\}^2 }{ \sum_{i=1}^n d\{z_i, \pi(z_i)\}^2 +\sum_{i=1}^n d\{\bar{\pi}, \pi(z_i)\}^2
}\text{.}
\end{equation*}
\end{document}$$
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To assess the performance of the algorithm we conducted a small simulation study. Eight datasets of 100 trees containing $\documentclass[12pt]{minimal}
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5. Results {#SEC5}
==========

5.1. Coelacanths genome and transcriptome data {#SEC5.1}
----------------------------------------------

We applied our method to the dataset comprising 1290 nuclear genes encoding 690 838 amino acid residues obtained from genome and transcriptome data by [@B15]. Over the past few decades researchers have worked on the phylogenetic relations between coelacanths, lungfishes and tetrapods, but controversy remains despite several studies ([@B8]). Most morphological and palaeontological studies support the hypothesis that lungfishes are closer to tetrapods than they are to coelacanths. However, some research supports alternative hypotheses: that coelacanths are closer to tetrapods; that coelacanths and lungfish are closest; or that tetrapods, lungfishes and coelacanths cannot be resolved. [@B15] present these four hypotheses in their [Fig. 1](#F1){ref-type="fig"}, Trees 1--4, respectively.

We reconstructed gene trees using the R ([@B24]) package Phangorn ([@B25]), with each gene tree estimated using maximum likelihood under the [@B13] model. The dataset consisted of 1290 gene alignments for 10 species: lungfish, *Protopterus annectens*, and coelacanth, *Latimeria chalumnae*; three tetrapods, frog, *Xenopus tropicalis*, chicken, *Gallus gallus*, and human, *Homo sapiens*; two ray-finned fish, *Danio rerio* and *Takifugu rubripes*; and three cartilaginous fish included as an out-group, *Scyliorhinus canicula*, *Leucoraja erinacea* and *Callorhinchus milii*.

Analysis was performed ignoring pendant edge lengths. A total of 97 outlying trees were removed using KDETrees ([@B30]), so that 1193 gene trees remained. The Fréchet mean was computed using the Bačák algorithm and its topology is shown in [Fig. 4](#F4){ref-type="fig"}. The mean tree does not resolve whether coelacanth or lungfish is the closest relative of the tetrapods. The sum of squared distances of the data points to the Fréchet mean was 19$\documentclass[12pt]{minimal}
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}{}$\cdot$\end{document}$4%. Traversing the principal geodesic gives trees with the same topology as the Fréchet mean that contract down to a star tree at one end of the geodesic and expand in size at the other end. This shows that the principal source of variation in the dataset is the overall scale of the gene trees or, in other words, the total amount of evolutionary divergence for each gene.

![The second principal component computed from the lungfish dataset: (a) the simplex shaded according to the topology of the corresponding points on $\documentclass[12pt]{minimal}
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[Figure 4](#F4){ref-type="fig"} illustrates the second principal component. The sum of squared projected distances was 7$\documentclass[12pt]{minimal}
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}{}$\cdot$\end{document}$8%. This represents a relatively small increase in the proportion of variance in relation to the principal geodesic. Three runs of Algorithm 4 were performed to construct the second principal component. The results obtained had very similar summary statistics, but the topologies displayed on the surfaces were more variable, so [Fig. 4](#F4){ref-type="fig"} is a representative choice. Although the projected points are clustered towards the bottom of the simplex in the figure, the full simplex was drawn to show all the different topological regions. Of the 1193 gene trees, 1094 projected to points with topology 1, which supports lungfish being the closest relative of the tetrapods. From the remaining projected data points, 75 have topology 5, placing both lungfish and coelacanth in a clade with the tetrapods. The topologies 3, 4, 6 and 7 have biologically implausible relationships. However, the projected data points lying outside topology 1 all lie close to the boundary of their respective orthants, having at least one edge length less than 0$\documentclass[12pt]{minimal}
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}{}$\cdot$\end{document}$0005. For example, the projected data points with topology 3 have very short edge lengths for the biologically implausible clades, such as the grouping of *X. tropicalis* with *S. canicula*, and so lie close to trees with more plausible topologies.

Overall, the second principal component suggests that the data support topology 1, with lungfish as the closest relative of tetrapods, and that most of the variation within the data comes from edge length variation within that topology rather than from conflicting topologies. Although the estimates are subject to random variation, it is interesting that the Fréchet mean and principal geodesic did not exhibit topology 1, while the second principal component suggests a solution to the controversial relationship between coelacanth, lungfish and tetrapods. The exhaustive projection algorithm was used to project the data onto the surface $\documentclass[12pt]{minimal}
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5.2. Apicomplexa {#SEC5.2}
----------------

We also applied our method to a set of trees constructed from 268 orthologous sequences from eight species of protozoa in the Apicomplexa phylum, previously presented by [@B12]. The same dataset was also analysed by [@B30], and more details are given in that paper, such as the gene sequences used to infer each tree. The phylum Apicomplexa contains many important protozoan pathogens ([@B14]), including the mosquito-transmitted *Plasmodium* species, the causative agent of malaria; *T. gondii*, which is one of the most prevalent zoonotic pathogens worldwide; and the water-borne pathogen *Cryptosporidium* species. Several members of the Apicomplexa also cause significant morbidity and mortality in both wildlife and domestic animals. These include the *Theileria* and *Babesia* species, which are tick-borne haemoprotozoan ungulate pathogens, and several species of *Eimeria*, which are enteric parasites that are particularly detrimental to the poultry industry. Because of their medical and veterinary importance, whole-genome sequencing projects have been completed for multiple prominent members of the Apicomplexa. We removed 16 outlier trees previously identified by [@B30] before fitting principal components.

The trees were analysed ignoring pendant edges. The Fréchet mean was computed using the Bačák algorithm: the corresponding tree topology was unresolved, and is shown in [Fig. 5](#F5){ref-type="fig"}. The sum of squared distances from the mean to the data points was 24$\documentclass[12pt]{minimal}
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}{}$\cdot$\end{document}$2. The principal geodesic displays two main effects. First, the edges leading to the *P. vivax* and *P. falciparum* clade, the *E. tenella* and *T. gondii* clade, and the *B. bovis* and *T. annulata* clade vary substantially in length. The second is a topological rearrangement whereby the clade containing *P. vivax* and *P. falciparum* paired with *E. tenella* and *T. gondii* is replaced with a clade containing *P. vivax* and *P. falciparum* paired with *B. bovis* and *T. annulata*. However, the second effect involved very short internal edges, so that along its length, the trees on the principal geodesic resembled the mean tree shown in [Fig. 5](#F5){ref-type="fig"} but with different overall scale. The principal geodesic therefore reflects variation in the scale of the tree.

![The second principal component computed from the Apicomplexa dataset: (a) the simplex shaded according to the topology of the corresponding points on $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Pi(V)$\end{document}$, with the projections of the data points also displayed; (b) topologies of trees on $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$\Pi(V)$\end{document}$. Species abbreviations are based on the species' binary nomenclature. The number of data points projecting to each topology is displayed in brackets.](asx047f5){#F5}

[Figure 5](#F5){ref-type="fig"} illustrates the second principal component, with the simplex shaded according to the corresponding tree topology on $\documentclass[12pt]{minimal}
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}{}$\Pi(V)$\end{document}$ was subject to more variation, so [Fig. 5](#F5){ref-type="fig"} is a representative choice, although topologies 1, 4 and 6 were present in all runs. The results show how the second principal component is able to tease out more from the data than the variation in overall scale captured by the principal geodesic. Topology 4 is congruent with the generally accepted phylogeny of taxa within the Apicomplexa and is a resolution of the Fréchet mean tree: *T. annulata* and *B. bovis* group together; the two *Plasmodium* species group together; *C. parvum* is the deepest rooting apicomplexan; and *P. vivax*, *P. falciparum*, *T. annulata* and *B. bovis* are monophyletic. The latter group are all haemosporidians or blood parasites.

[Figure 5](#F5){ref-type="fig"} shows that the second principal component corresponds to variation in topology consisting of nearest-neighbour interchange operations that transform topology 4 into topologies 1 and 6. None of the projected trees have topology 5, although this is the topology of one of the vertices of $\documentclass[12pt]{minimal}
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Our analysis has been restricted to datasets with relatively few taxa and to the construction of the first and second principal components. The algorithms presented in this paper scale linearly with respect to the number of data points $\documentclass[12pt]{minimal}
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Uncertainty in estimated principal components could be assessed by bootstrap methods; for example, one can generate replicate datasets by resampling the data $\documentclass[12pt]{minimal}
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}{}$\Pi(V)$\end{document}$ using a random walk, in a similar way to the simulations in § [4.3](#SEC4.3){ref-type="sec"}. However, both these approaches are highly computationally expensive, and would only be feasible for relatively small datasets. Obtaining analytical results about uncertainty, such as proving validity of the bootstrap procedure or establishing confidence regions for principal components, would involve development of asymptotic theory on the space of configurations of the vertices $\documentclass[12pt]{minimal}
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The figures in § [5](#SEC5){ref-type="sec"} demonstrate the potential for creating visualizations of the data which reveal meaningful biological structure. The pattern of projected points obtained for the experimental datasets we considered were very similar to results obtained via multi-dimensional scaling. However, multi-dimensional scaling is not capable of revealing the features of the dataset that cause the observed variation. More information could be included in the graphical representation of our results, such as the distance of the data points from their projections, information about the principal geodesic, and the proximity of points to orthant boundaries.

Our software for finding principal components in tree space is available to download from <http://www.mas.ncl.ac.uk/~ntmwn/geophytterplus/>. The datasets analysed in this paper are also available from that website. An optional R package used to produce the figures in this article can be obtained from https://github.com/grady/geophyttertools.

We presented Algorithm 3, the geometric projection algorithm, without a proof of convergence, and we used simulation to assess its accuracy. The algorithm is attractive in that it is defined entirely in terms of the geodesic structure on tree space, so it could be used on any geodesic metric space, including Riemannian manifolds. The algorithm clearly deserves further investigation, and we intend to study its properties in future work.
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